Within a minimal model for the iron-based superconductors in which itinerant electrons interact with a band of local moments, we derive a criterion for sign-reversing superconductivity. We show generally that even if the inter-band and intra-band interactions are repulsive, sign-reversing superconductivity obtains as long as the inter-band scattering dominates. This effect can be modeled as arising from an internal Josephson link between the Fermi surface sheets. Although the experimentally observed isotope effect is large, α = 0.4, we show that it is consistent with a non-phononic mechanism in which it is the the isotope affects results in a change in the lattice constant and as a consequence the zero-point motion of the Fe atoms. PACS numbers: 71.10Hf,75.20.Hr,71.27.+a Although the history of superconductivity in ironbased materials is short 1,2,3 , a consensus seems to have been reached that phonons are not the efficient cause of the pairing mechanism. For example, density functional calculations 4 predict that for LaFeAsO 1−x F x , the dimensionless electron-phonon coupling constant is λ = 0.21 and the logarithmic-averaged frequency is 206K. In conjunction with the standard BCS expression for T c , these values lead to a transition temperature of 0.8K which is too low to explain 26K superconductivity. Experimentally, the bare phonon density of states 5 in LaFeAsO 1−x F x (hereafter 1111) is in perfect agreement with the density functional results 4 and hence corroborates that phonons are too weak to explain superconductivity. As a result, mechanisms, such as spin fluctuations, which exploit the proximity of the superconducting phase to the antiferromagnet with (π, 0) order 3 in the parent material have risen to the fore 6,7 . Consequently, it has come as a surprise that the ironpnictdes have a sizeable isotope effect 8 . When 56 Fe is replaced by 54 Fe in Ba 1−x K x Fe 2 As 2 (hereafter 122), the transition temperature for the magnetic order at x = 0 and superconductivity at x = 0.4 is changed by 1.39% and 1.34%, respectively. Expressing the mass dependence of T c using α = −d ln T c /d ln M , leads to a value of α = 0.4 for the observed change in T c . A full isotope effect in standard low T c materials corresponds to α = 0.5 9 . Hence, the pnictides at the doping levels studied have an isotope effect indicative of elemental superconductors. The origin of this effect is not known but certainly presents a challenge for purely electronic mechanisms of superconductivity in which α is supposedly negligible.
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In this paper, we address the apparent contradiction between the irrelevance of phonons to Cooper pairformation and the sizeable isotope effect in the pnictides. Aside from the isotope effect, any pairing mechanism must resolve the high critical temperature and the competition and between magnetism, that is, the (π, 0) antiferromagnet, and superconductivity. Within a two-band model 10 for the Fe-As layer in which local moments in one band interact with itinerant electrons in the other, we show that interband scattering mediated by magnons leads to a high critical temperature. Our work provides a microscopic framework for applying the well-known result 6,11 that sign-reversing pairing does not require attractive inter nor intra-band interactions in two-band models, as in the case of the pnictides. Second, we show that although the pairing in this model is electronic in nature, an isotope effect exists as a result of the sensitivity to the lattice constant. An α = 0.4 requires a zero-point motion of the Fe ion to be 6.2meV , in agreement with experimentally known 12 values. An important fact about the pnictides is that they exhibit a (π, 0) antiferromagnet but they are metallic, nonetheless. Metallicitiy in the presence of such order implies that some states at the chemical potential remain ungapped. Whether the magnetism arises from local or weak-coupling physics is currently not resolved 13 . However, models in both of these extremes are problematic. For example, pure spin models such as the J 1 -J 2 model 14, 15, 16 which rely on a fine-tuning of the nearest and next-nearest neighbor exchange interactions are clearly incomplete as they describe insulators. At the other extreme, weak-coupling scenarios based on nesting 17, 18, 19 are also problematic because the monoclinic distortion 3, 19 that precedes the magnetically ordered phase in the pnictides shifts each half-filled band away from the perfect nesting condition by an amount related to the crystal field splitting. Regardless of which model is used, it must at least account for the experimental fact that local magnetic correlations exist above the ordering temperature as evidenced 20 by the temperature dependence of the peak-to-peak linewidth and g factor in electron spin resonance studies on LaFeAsO 1−x F x . The simplest scenario that is consistent with this physics is a two-orbital model in which an itinerant band of electrons hybridizes with a set of local moments residing on the other level. In a previous paper 10 , we have shown that the multi-orbital physics of the Fe-As interactions reduces to an effective two-orbital model. The itinerantlocalized dichotomy arises from the difference in the p-d character of the two levels. While the p-d hybridization in this model appears as a tuning parameter, it was found 10 that a hybridization of 0.8eV was needed to explain the magnitude of the magnetic moment. This value of the hybridization is consistent with the only available 21 experimental estimate. A further key prediction of this work is that aside from the moment lying in the a − b plane, a residual moment lies along the z−axis with a magnitude of 0.06µ B , as found experimentally 22 . In light of the success of this model in describing the parent magnetically ordered state, we adopt it here to investigate possible superconducting instabilities. The model can be written as a spin-fermion Hamiltonian 23, 24 ,
in which H e describes the itinerant electrons, H s the localized electrons which yield the magnetism and H sf the spin-fermion interaction between the two sets of electrons. Here ǫ k is the band structure which yields the Fermi surface of the non-interacting system, c † k,σ creates an electron with momentum k and spin σ, and S i represents the spin on site i. We have retained only the nearest and next-nearest spin exchange interactions, J 1 and J 2 , respectively, as experiments and theory 14, 15, 25 indicate that interactions beyond these are negligible. Although J 1 and J 2 will be treated as phenomenological parameters, it important to note that they are both directly proportional to the p-d hybridization. That is, if the p-d hybridization is ignored, as advocated recently 26 , both vanish.
We first perform a Holstein-Primakoff transformation on the spin-part of the Hamiltonian to obtain an effective description of the spin excitations on the (π, 0) antiferromagnet. To order 1/S, we obtain 27 ,
When diagonalized using b k = cosh φ k a k − sinh φ k a † −k , this Hamiltonian yields a dispersion for the magnons of the form
where C i (i = 1, 2) are all constant. It is now convenient to express the Fourier transform of our original Hamiltonian in terms of these effective spin excitations. By using the Fourier transform c lσ = 2/N k e −ikl α kσ and c mσ = 2/N k e −ik(m+a) β kσ where a = (a, 0) and l
in terms of the the spin normal modes, a k and the electronic degrees of freedom, d
± kσ , which are linear combinations of α kσ and β kσ . The parameters in this effective Hamiltonian are defined by
where P is the crystal reciprocal lattice, Q = (0, π/a) in the unfolded Brillouin zone represents the wave-vector for the magnetic order,
24 is a function of P, θ k and θ k ′ where sin θ k = (1 − J/E k ) /2. The full details, which can be found elsewhere 24 , of f ν,µ are not particularly relevant as only its magnitude appears in the final equations. We emphasize that ǫ k is the bare spectrum of the electron in the itinerant level. However, as a result of the antiferromagnetic correlations, the spectrum of the itinerant electrons is split into two branches E ± (k) which satisfy E ± (k) = E ± (k + Q) in the ordered state. However, in the doped case, in which it is only the remnant spin fluctuations which persist, this perfect nesting condition is destroyed.
There is of course an extreme similarity between the various contributions to Eq. (5) and the electron-phonon Hamiltonian used in BCS. In this case, the phonons are replaced by magnons and the interactions in H xy sf involve spin flips. It is from this term that the dominant interactions arise. Treating this term perturbatively to second order, we obtain the amplitude
for the scattering of an electron pair with momenta (k, −k) to one with momenta (k ′ , −k ′ ). In Eq. (8), ǫ e (q) is the dielectric constant 28, 29 and q = k ′ − k. Regardless of the momentum transfer, the interaction arising from magnon scattering is always repulsive as a result of the minus sign in front of Eq. (8). This crucial difference 23 with the phonon-mediated interaction in BCS arises from the spin-flip nature of the magnon scattering.
Nonetheless, sign-reversal superconductivity is still possible even though the scattering processes are repulsive.
To establish this we consider the separate amplitudes for inter-band (between the M and Γ points) and intra band (within the M or Γ points) scattering processes.
Intraband scattering dominates in the long wavelength limit. Rewriting q x = q cos α and q y = q sin α, we have that
In this limit, qǫ e (q) ≈ q + q s where q s = 2πe 2 N (E F ) is the inverse Fermi-Thomas screening length and N (E F ) is the density of states around the Fermi surface.
For the intraband scattering, E ν k ′ − E ν k ≈ 0. Consequently, the magnon-mediated interaction is of the form,
where ii denotes ee for intra-band scattering within an electron pocket and hh for scattering within a hole pocket. We compare this amplitude to that for interband scattering. The only interband scattering process that is momentum conserving involves the scattering of an electron pair from the hole pocket at Γ to two different electron pockets such that the final pair has momentum (k
For the interband scattering, we still have E ν k ′ − E ν k ≈ 0 but because the momentum carried by the magnon is Q + q, quantitative differences,
arise with the intra-band scattering amplitude. Note the presence of the inverse |q| dependence. Here, G(α) = 2J 2 (2J 2 + J 1 ). Since Q = (π, π), it is no longer appropriate to take the long-wavelength limit of the dielectric function. As a result of the q −1 divergence of Eq. (10), the inter-band interaction is much larger than the intra-band interaction for small momentum transfer |q|. This is the first demonstration from the microscopics that inter-band scattering dominates the pnictides.
In the limit that the inter-band scattering dominates, the BCS gap equations admit sign-reversing pairing entirely from repulsive interactions. This can be seen by solving the gap equations for the
for a 2-band system. A crucial difference with earlier work is the minus sign on the left-hand side of Eq. (11). If we assume all Fermi surfaces are circular, then integrating over the Fermi surface is equivalent to multiplying by the DOS. Defining the dimensionless interaction strength λ e = V ee N e (E F ), λ h = V hh N h (E F ) and λ eh = V eh N e (E F )N h (E F ), we obtain the maximum positive eigenvalue,
and the corresponding eigenstate ∆
T . We see clearly that for λ > 0, the order parameter on the hole and electron Fermi surfaces has different signs only if λ eh is positive and exceeds all other couplings. This is our principal conclusion and shows that the multi-band structure of the pnictides leads naturally to s ± pairing symmetry. The critical temperature is given by
where Ω sf is the counterpart of the Debye frequency for magnons, which is estimated to be 1500K for J 1 = J 2 = 500K 25 . Coupled with a large λ as a result of the dominance of λ eh , the transition temperature can be sizeable.
A simple physical argument is instructive here to delineate why pairing can obtain from repulsive inter-band interactions. Consider the second-order process shown in Fig. (1c) . A Cooper pair at a hole pocket is scattered into a Cooper pair at an electron pocket and then scatted back to the hole pocket. Regardless of the sign of the interband scattering, the resultant matrix element for this process
is always attractive 11, 30 . Here, −Ω = −(ǫ k + ǫ −k ) is the energy of two electrons on the hole pockets. The key point here is that as long as electron and hole pockets are separated in energy, an attraction develops through an exchange of two electrons rather than single-electron hopping. In this sense, the interband scattering can be viewed as an internal Josephson junction with coupling J tun cos(φ 1 − φ 2 ) where φ 1 and φ 2 are the phases of the order parameter on the two Fermi surfaces.
A striking feature of the pnictides is the relative insensitivity of T c to doping. Within our model, this is naturally explained because the key factors that determine T c are the magnon energy and the coupling J. Since J is simply determined by the localized carriers, doping has a relatively negligible effect. Predominantly, doping changes the density of itinerant electrons as is confirmed experimentally 31 . What about the isotope effect? In the phononmediated case, the isotope effect appears through the dependence on the Debye frequency. Because the courterpart of the Debye frequency, Ω sf , for spin-fluctuation pairing is not related to the ion mass, there should be no such effect. However, beside changing the Debye frequency, isotopic substitution also modifies the lattice constant a 9 . Smaller values of a will increase the electron-electron interaction, thereby enhancing the spin flucuations and, as a consequence, a higher T c . Experimentally, the critical temperature of the 122 materials is sensitive to pressure 32 and hence consistent with this explanation. Experimentally, T c and T SDW decrease at a rate of ∆T c /∆P ≈ 0.22K/kbar for (Ba 0.55 K 0.45 )Fe 2 As 2 and ∆T SDW /∆P ≈ 1.0K/kbar for BaFe 2 As 2 32 . Consequently, it is reasonable to consider a harmonic toy model in which the isotopic effect arises from a modulation in the lattice constant. Within such a heuristic model, the isotopic parameter is given by
where x =hω/k B T . For Ba 0.6 K 0.4 Fe 2 As 2 , T c ≈ 36K and α = 0.4 8 . Explaining this shift requires a zero-point energy of iron of roughly 6.2meV. For the 122 materials, the zero-point energy of iron is not known. However, for iron metal, nuclear resonant inelastic x-ray scattering place the zero-point energy at 6meV
12 . Hence, our estimate used here to obtain the isotope shift is reasonable. This kind of estimate is also applicable to the cuprates in which a positive isotope effect is seen experimentally 34 .
